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Cooper pair splitting controlled by a temperature gradient
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Electrons in two different normal metallic electrodes attached to a sufficiently thin superconducting island may become entangled

due to the effect of Cooper pair splitting. This phenomenon is of fundamental importance and may also have serious implications

for developing quantum communication technologies. One way to identify Cooper pair splitting is to analyze long-range cross

correlations of fluctuating currents in three-terminal hybrid normal-superconducting—normal nanostructures. Here, we theoretically

investigate non-trivial behavior of cross-correlated non-local shot noise in the presence of a temperature gradient. We suggest that

applying a temperature gradient may serve as an extra tool to control the phenomenon of Cooper pair splitting.

Introduction

Normal metals connected to a superconductor exhibit a variety
of non-trivial phenomena associated with the existence of prox-
imity-induced superconducting correlations spreading over long
distances at sufficiently low temperatures [1]. One of these
phenomena is the so-called crossed Andreev reflection (CAR):
A Cooper pair may split into two electrons [2] (see Figure 1a),
thereby generating pairs of entangled electrons in different
metallic electrodes [3]. This phenomenon and its effect on elec-
tron transport in normal metal-superconductor—normal metal
(NSN) hybrid structures were intensively investigated both
theoretically [4-10] and experimentally [11-18] over the past
decades.

The process competing with CAR is the so-called elastic
cotunneling (EC), where an electron is transferred from
one normal metal to another across an effective barrier
created by the energy gap inside the superconductor, see
Figure 1b. Unlike CAR, EC does not produce entangled
electrons. In the zero-temperature limit, CAR and EC contribu-
tions to the low-bias non-local conductance of an NSN device
cancel each other in the limit of low-transparency barriers [4].
In contrast, at high transmissions, the CAR contribution
vanishes [6,7]. These observations make an unambiguous
identification of CAR in transport experiments a non-trivial
task.
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Figure 1: Schematics of the processes of crossed Andreev reflection (a) and elastic cotunneling (b). These schemes are redrawn from [25].

The way out is to investigate fluctuations of electric currents
passing through both NS boundaries of an NSN structure. While
in non-superconducting multiterminal structures cross correla-
tions of current noise in different terminals always remain nega-
tive [19], such cross correlations may become positive in the
presence of superconductivity due to the process of CAR. This
conclusion was initially reached theoretically in the limit of
low-transparency barriers at NS interfaces [20,21] and later ex-
tended to the case of arbitrary barrier transmissions [22-25].
Positively cross-correlated non-local shot noise was indeed ob-
served in a number of experiments [26,27]. Real-time observa-
tion of Cooper pair splitting was also reported in a recent work
[28].

Usually, an interplay between positive and negative cross corre-
lations of current noise in NSN devices can be controlled and
tuned by applying external bias voltages. In this work we
suggest another way of controlling Cooper pair splitting: We
predict and investigate non-trivial behavior of cross-correlated
non-local shot noise in the presence of a temperature gradient.
Note that, previously, this so-called “delta-T” noise was studied
in normal atomic-scale junctions [29]. Here, we demonstrate

that such kind of noise can also manifest itself in subtle non-
local properties of hybrid NSN structures associated with the
phenomena of crossed Andreev reflection and Cooper pair split-
ting.

Results and Discussion

Let us consider the NSN structure depicted in Figure 2. Normal
metallic leads are attached to a bulk superconductor with the aid
of two junctions described by a set of conducting channel trans-
missions 1 , and 15, with n being the integer number enumer-
ating all conducting channels. The two junctions are located at a
distance considerably shorter than the superconducting coher-
ence length £ Normal electrodes are kept at different tempera-
tures 7| and T, thus creating a temperature gradient across our
device. In addition, voltages V| and V, can be applied to two
normal leads, as shown in Figure 2.

The Hamiltonian of this structure can be chosen in the form

q=73 (FI,+I:1T’V)+IEIS,

r=1,2 )

Figure 2: Schematics of the NSN structure under consideration. Normal electrodes are biased by external voltages V1 and V» and are kept at differ-
ent temperatures T1 and T». The superconducting electrode is assumed to be thinner than the superconducting coherence length &.
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are the Hamiltonians of two normal leads, ¥] 0L(}u{), ‘i’,ﬂa(x)
denote creation and annihilation operators for an electron with a
spin projection a at a point X, m is the electron mass, and p is

the chemical potential,

(3)
AV ()P () A" () ,Ax)}

is the Hamiltonian of a superconducting electrode with the
order parameter A and the terms

C)

account for electron transfer through the junctions between the
superconductor and the normal leads. In Equation 4, the surface
integrals are taken over the contact areas A,., and t,(x) denote

coordinate- and spin-independent tunneling amplitudes.

Let us denote the probability for N| and N, electrons to be
transferred, respectively, through the junctions 1 and 2 during
the observation time ¢ as P{(N{,N»). Introducing the so-called
cumulant generating function F (x;,x2) by means of the formula

e]:(xl’xz) = Z e_iN1X1 _iNZXZPt (Nl > N2 )

Ni,N,

&)

with x; » being the counting fields, one can express the average
currents through the junctions /, = <f p (z)> and the current—cur-
rent correlation functions

=—Idt[< (to +1) 1 (1
2(1, (1)) {1 (1)) ]

(t0)+ 1 (1)1, (10 +1))

Q)

in the following form
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The cumulant generating function F in Equation 5 be evalu-
ated in a general form with the aid of the path integral tech-
nique [22,25], which yields

f(xl,Xz)=tr[lnG_1(xl,Xz)J, 8)
where Q_l is the Keldysh Green function of our system
G' i) 0
g (X15X2)— ;1T(Xl) Gv§1 fz(Xz) > ©))
. <1

the 4 x 4 matrices G
functions of isolated normal and superconducting leads and t is

represent the inverse Keldysh Green

the diagonal 4 X 4 matrix in the Nambu—Keldysh space
describing tunneling between the leads,

Lt
te'2 0 0 0
0 T 0
v t.e
i (1) = ’ ,-Lr (10)
0 0 12 0
ke
0 0 0 —te 2

Further analysis of the general expression for the function F
(Equation 8) is essentially identical to that already carried out in
[25]. Therefore, it is not necessary to go into details here. Em-
ploying Equation 7 and making use of the results [25], we
recover general expressions for both the currents /, across the
junctions and the cross-correlated current noise Sy, in the pres-

ence of a temperature gradient between two normal terminals.

In what follows we will be particularly interested in the limit of
low voltages and temperatures eV} 7,71 2 < A. In this case, I,
(containing both local and non-local components) is practically
insensitive to temperature and matches with the results [6,7,10]
derived earlier in the corresponding limit.

For the non-local current noise in the same limit eV 5,77 > < A
we obtain
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) (1—2A1,,,)(1—2A2’m)[w(

\/Al,nAZ,m

where we defined the Andreev reflection probabilities per con-

ducting channel in both junctions

12 12
A, = L Ay = 2 > (12)
(2_Tl,n) (2 TZ,m)
introduced the function
w(n,,nr) (l—nrr)+(1—nr)nrr. (13)

and employed Fermi distribution functions for electrons and
holes in the normal leads

BN 14

Equation 11 defines the low-energy cross-correlated current
noise in the presence of a temperature gradient and represents
the main general result of the present work.

The expression (Equation 11) contains the integrals of the type
IdE w(nli,nzi), which cannot be handled analytically except in

some special limits, i.e.,

Vi-1,)
dE wlnE . nE ) =e(v V- he(l 2 15
j w(nl,nz) e(V; =V, )cot e (15)
forT)=T,=Tand
+ e(Vl_Vz)
'[dEw(nl—,nz—)zﬂln 2+200thT (16)
1
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nl‘,n;)—i—w(nfr,nz_)—W(nl_,n2_>—W(n1+,n§)}
+W(n;’n5r)+W(nf,nz’)-i—w(nf,ng)—w(nfr,n;)
_4[(1—A17n)w(n1_,n1 ) (1 A2m) (

ny,n
24, (w(nl_,nl_)+w("1+s”1 ) 24 (

an

gl

l’lz n2 +W(l’l;,n;))},

for T » T,. In the opposite limit 75 >» T} in Equation 16 one
should simply interchange 7| < T5.

In order to proceed, we note that there exists a very accurate
interpolation formula between the above limits. It reads

[aE w(nli,nzi) ~ T ln(2+ 2cothe(V}—;V2)], 17
€

where we defined an effective temperature

2
T =L\/1+(8TL2)(1n22—1/4) (18)

In2

and introduced the notations 7= (T} + T»)/2 and 8T = T| — T>.

With the aid of this interpolation, the non-local noise
(Equation 11) can be reduced to a much simpler form

e(Vl +V2)
S12 :GIZTeff y+ln 2+2cosh——==
eff

V=V
-v_ 1n[2 + ZCOShM]
eff

19)

v,
4G, {BleVl cotheT—1+(l—[31 )T
1

V.
+B2€V2 COthe]_'—2+(1_BZ)T2:|.
2

Here we have introduced the non-local conductance in the limit

of zero temperature and zero bias voltage,
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G12 = (20)

Z Al,n Z A2,m ’
n m

Rg being the normal state resistance of a superconducting
island [25], as well as the parameters

(1—2A1,n)(1 —2A2’m)
zn,m AL”AZJ" \/Al,nAZ,m

Y+ = >
Zn,m Al,nA2,m

*1
2n

and the local Fano factors for two barriers in the Andreev

reflection regime

_ ZnAl,n (1 - Al,n )

z [32 _ zmAZ,m (l_AZ,m)
,,Al,n ’

p
! zmA2,m

. (22)

At zero bias voltages V| = V, = 0, we obtain the noise in the
form

Si2= 4Gy (Tegp In2-2T). (23)

Hence, for the excess non-local noise 8S1p = S12(7,0T) —
S12(7T,0) induced by the temperature gradient we get
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This contribution is positive and reaches its maximum
0512 = 0.44G T at |dT| = T.

The effect of the temperature gradient on cross-correlated non-
local noise remains appreciable also at non-zero bias voltages
V1 2, in which case it essentially depends on transmission distri-
butions in both junctions.

We start from the tunneling limit Ay ,,, A5, < 1, where one has

_ Zn,m\’ Al,nAZ,m 1

- Zn,m Al,nAZ,m

Y+ =7-=7 (25)

Keeping only the terms o<y in the expression (Equation 19), we
obtain

V1_+Vz>]

e
812 = G Ty 1n[2+2<:osh (
Tegr

(26)
V —
—ln(2+2coshMj .

eff

The first and the second terms on the right-hand side of this
formula are attributed, respectively, to CAR and EC processes.
We observe that, similarly to the limit 87 = 0, the noise
cross correlations remain positive, S1p > 0, provided V| and V)
have the same sign, and they turn negative, S;, < 0, should V
and V, have different signs. The result is also illustrated in

Figure 3.
(87’ o . .
881, =4G,T| 4|1+ 5 (ln2 2 1/4) —-11. (24) In the opposite limit of perfectly conducting channels in both
T junctions with 7y, = 12,, = 1 one gets y. =2, y- =0,
B1 = B2 = 0. Hence, in this case, Equation 19 yields
T=T,=0 Si2/(GyzA) T,=T,=0.1A Si2/(Gy2A) T,=0.2A, T,=0 Si2/(GyA)

evV,/A

eV /A

04 02 0 02 04
evV,/A

Figure 3: Non-local noise S12 (Equation 26) in the tunneling limit (Equation 25). Left panel: T = 0; middle panel: T = 0.1A, 8T = 0;

right panel: |87 = T = 0.1A.
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(n+n)

e
Sip = 2Gy, | Togp In| 2+ 2cosh —4T |. @7

eff

This result is always positive at non-zero bias and sufficiently
low temperatures, indicating the importance of CAR processes
in this limit, see also Figure 4.

Yet another important physical limit is realized provided the
contact has the form of a short diffusive wire with the corre-
sponding Thouless energy exceeding the superconducting
gap A. In this diffusive limit the transmission probability distri-
butions in both junctions are defined by the well-known
formula

P

> ()=t L
262RrN T4/l -1,

r= 1,2 (28)

with RrN being the resistances of diffusive contacts in the
normal state. Making use of this formula, one readily finds
Y+ = %1 and B = B = 1/3. Then Equation 19 reduces to

T,=T,=0

S12 / (G12A)
03

°
eV,/A

-0.4 -0.2 0 . . -0.4 -0.2 0
eV,/A eV /A

T,=T,=0.05A
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e(V £V
S12 = GIZTeflen 2+2C0ShM
+ eff
(29)
ev,

—fG12 4T+ 3 eV, coth
3 r=1,2 r

This result is also displayed in Figure 5.

Conclusion

Comparing the non-local shot noise pattern in all the above
limits, we can make several important conclusions. First, in full
accordance with our previous results [22,25], this pattern turns
out to be markedly different depending on particular transmis-
sion distributions for intermetallic barriers, thus emphasizing
different roles played by CAR and EC processes. Second, rela-
tive contributions of the latter processes can be reliably con-
trolled by applied external bias voltages V| and V as well as by
varying temperature 7. Third, we observe that the non-local
shot noise patterns undergoes additional modifications provi-
ded a temperature gradient is applied to our structure. Hence,
the temperature gradient, along with other parameters, can also
serve as a possible extra tool to control and tune the process of

S12 / (G12A)
03

Si2/(Gi28)
0.3

T,20.1A, T,=0

°
eVy/A

02 04 04 02 0 02 04
evV,/A

Figure 4: Non-local noise S12 (Equation 27) in the case of fully transparent junctions. Left panel: T = 0; middle panel: T = 0.05A, 8T = 0;

right panel: |87] = T = 0.05A.

T=T,=0 S12/(G2A) T,=T,=0.03A
0.3
04
0.2
02 o
2
> o0 0
o
02 01
-0.2
04
-0.3
04 02 0 02 04 04 02 0
eV,/A eV, /A

T,=0.06A, T,=0

02 04 04 02 0 02 04
eV,/A

Figure 5: Non-local noise S12 (Equation 29) in the case of diffusive barriers. Left panel: T = 0; middle panel: T = 0.03A, 3T = 0;

right panel: |87] = T = 0.03A.
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Cooper pair splitting in multiterminal hybrid normal-supercon-

ducting metallic structures.
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